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POISSON SMOOTH STRUCTURES ON STRATIFIED
SYMPLECTIC SPACES
HOˆNG VAˆN LEˆ, PETR SOMBERG AND JIRˇI VANZˇURA
Abstract. In this paper we introduce the notion of a smooth structure on a
stratified space, the notion of a Poisson smooth structure and the notion of a
weakly symplectic smooth structure on a stratified symplectic space, refining
the concept of a stratified symplectic Poisson algebra introduced by Sjamaar
and Lerman. We show that these smooth spaces possess several important
properties, e.g. the existence of smooth partitions of unity. Furthermore, under
mild conditions many properties of a symplectic manifold can be extended to
a symplectic stratified space provided with a smooth Poisson structure, e.g.
the existence and uniqueness of a Hamiltonian flow, the isomorphism between
the Brylinski-Poisson homology and the de Rham homology, the existence of
a Leftschetz decomposition on a symplectic stratified space. We give many
examples of stratified symplectic spaces possessing a Poisson smooth structure
which is also weakly symplectic.
Contents
1. Introduction 2
2. Stratified spaces and their smooth structures 3
2.1. Stratified spaces 3
2.2. Smooth structure on stratified spaces and its simplest properties 4
2.3. Examples of smooth structures on stratified spaces 7
3. Symplectic stratified spaces and compatible smooth structures 10
3.1. Symplectic stratified spaces 11
3.2. Weakly symplectic smooth structures and Poisson smooth structures 11
3.3. The existence of Hamiltonian flows 15
3.4. Brylinski-Poisson homology 16
3.5. A Leftschetz decomposition 17
4. Conclusions 20
References 20
AMSC: 51H25, 53D05, 53D17
Key words: C∞-ring, stratified space, symplectic form, Poisson structure
1
2 HOˆNG VAˆN LEˆ, PETR SOMBERG AND JIRˇI VANZˇURA
1. Introduction
Many classical problems on various classes of topological spaces reduce to the
quest for its appropriate functional structure. Examples of topological spaces we
are interested in comprise stratified spaces equipped with an additional structure
of geometrical origin. Due to the lack of canonical notion of the sheaf of smooth
(or analytic) functions on such spaces one has to define a smooth structure with
all derived smooth (or analytical) notions such that the obtained smooth structure
satisfies good formal properties.
In this paper we study smooth structures on stratified spaces, developing the
ideas in [16]. We observe that many properties of smooth structures on pseudo-
manifolds with isolated conical singularities also hold for a larger class of locally
trivial spaces with singularities with cone as typical fiber, if one poses a mild,
natural, local condition on these smooth structures (Definition 2.5). In this ex-
tension we have to take care of (possibly disconnected) regular strata of different
dimensions. A large part of our note concerns with compatible smooth structures
on stratified symplectic spaces. Stratified symplectic spaces appear abundantly in
geometry and mathematical physics [13], [14], [15]. They are subjects of inten-
sive study in symplectic geometry since nineties [25], [2], [5], [27], [13]. In [1], [7]
and many other papers in this direction the authors considered complex manifolds
M2n
C
with a holomorphic symplectic form ω2, which can be turned into a sym-
plectic form ω˜2 on differentiable manifolds M2n
C
of real dimension 4n by setting
ω˜2 := Re (ω2) + Im (ω2). The theory of smooth structures on general stratified
symplectic spaces has been introduced by Sjamaar and Lerman [25], then devel-
oped by many others [2], [27], [13] (in Remarks 2.7.3, 3.2 and Example 3.5 we
compare our notion of a smooth structure on a stratified symplectic space with
that given by Sjamaar-Lerman). Pflaum introduced smooth structures on strat-
ified spaces by means of a maximal atlas (Remark 2.7.3), and with reference to
a smooth structure, he developed extensions to stratified spaces of standard dif-
ferential geometric concepts [27]. Huebschmann refined the notion of symplectic
stratified spaces by introducing the notion of stratified polarization [13]. Our ax-
iomatic approach to the notion of a smooth structure uses heavily the notion of
C∞-algebras defined in [21]. We refer the reader to [11] for the notion of C∞-
differentiable space developed by Gonsalez and de Salas, which also grew from the
notion of C∞-algebra, but they did not treat stratified spaces. In our study we
discover the existence of a class of symplectic stratified spaces which can be sup-
plied with a Poisson and weakly symplecitc smooth structure. This class is large
enough to encompass basic examples of symplectic singular spaces considered in
[25] (Example 3.5, Proposition 3.8) as well as many important singularities on the
closure of adjoint orbits of nilpotent elements of complex Lie algebras (Example
3.9, Proposition 3.11).
The structure of this paper is as follows. In chapter 2 we introduce the notion of
a smooth structure on a stratified space (Definition 2.5) and compare our concept
of a smooth structure with some other concepts (Remarks 2.7.2-3). We prove
that a smooth stratified space possesses several important properties, e.g. the
existence of smooth partitions of unity (Lemma 2.6, Proposition 2.8 and Corollary
2.9), which will be needed in later sections (Remarks 3.14.2, 3.22). In chapter
3 we study natural smooth structures on stratified symplectic spaces (Definition
3.3). We show that, under mild conditions, stratified symplectic spaces (X,ω)
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equipped with a Poisson smooth structure possess a variety of basic properties of
smooth symplectic manifolds, e.g. the existence and uniqueness of a Hamiltonian
flow, the isomorphism between the Brylinski-Poisson homology and the de Rham
homology, and the existence of a Leftschetz decomposition (Theorems 3.16, 3.13,
3.21, Proposition 3.20). We also show many examples of weakly symplectic smooth
structures and Poisson smooth structures (Examples 3.5, 3.9).
2. Stratified spaces and their smooth structures
In this section we recall the notion of a stratified space following Goresky’s and
MacPherson’s concept [10, p.36], [25, §1] (Definition 2.2). Then we introduce the
notion of a smooth structure on a stratified space (Definition 2.5). Our concept of
a smooth structure on a stratified space is a natural extension of our concept of
a smooth structure on a pseudomanifold with isolated conical singularities given
in [16, §2], using the key notion of a product smooth structure (Remark 2.7.2).
(The notion of a product smooth structure has been introduced by Mostow in [23,
§3] and has been used by many authors). We prove several important properties
of a smooth structure on a stratified space, e.g. the existence of smooth parti-
tions of unity and its consequences (Lemma 2.6, Proposition 2.8, Corollary 2.9),
the existence of a locally smoothly contractible, resolvable smooth structure on
pseudomanifolds with edges (Lemma 2.16). We show that a resolvable smooth
structure satisfying a mild condition is not finitely generated (Proposition 2.17).
We introduce the notion of a smooth differential form and a smooth Zariski vector
field (Definition 2.10). We compare our concept of a smooth structure with some
other concept (Remark 2.7.3).
2.1. Stratified spaces. We begin with the notion of a decomposed space.
Definition 2.1. ([10, p.36], [25, Definition 1.1]) Let X be a Hausdorff and para-
compact topological space and let S be a partially ordered set with ordering de-
noted by ≤. An S-decomposition of X is a locally finite collection of disjoint locally
closed manifolds Si ⊂ X (one for each i ∈ S) called strata such that
1) X = ∪i∈SSi;
2) Si ∩ S¯j 6= ∅ ⇐⇒ Si ⊂ S¯j ⇐⇒ i ≤ j.
We define the depth of a stratum S as follows
depthX S := sup{n| there exist strata S = S0 < S1 < · · · < Sn}.
We define the depth of X to be the number depthX := supi∈S depthX Si. The
dimension of X is defined to be the maximal dimension of its strata.
As in [25] we consider only finite-dimensional decomposed spaces X . We call
a stratum S ⊂ X singular, if there is another stratum S′ ⊂ X such that S ⊂ S¯′.
Otherwise S is called regular. We call
Xreg := {∪S|S is a regular stratum of X}
the regular part (component) of X . Clearly Xreg = X .
Now we specify a subclass of decomposed spaces consisting of locally trivial
spaces with cone as typical fiber. Recall that a cone cL over a topological space
L is the topological space L× [0,∞)/L× {0}. Let [z, t] denote the image of (z, t)
in a cone cL under the projection pi : L × [0,∞) → cL. We denote by cL(ε) the
open subset {[z, t] ∈ cL‖ t < ε}.
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Definition 2.2. ([9], [25, Definition 1.7]) A decomposed space X is called a strat-
ified space if the strata of X satisfy the following condition defined recursively.
Given a point x in a stratum S there exist an open neighborhood U(x) of x in X ,
an open ball Bx around x in S, a compact stratified space L, called the link of x,
and a homeomorphism φx : U(x)→ Bx× cL(1) that preserves the decomposition.
Remark 2.3. 1. It is well-known that a Whitney stratified subspace in Rn is a
stratified space in sense of Definition 2.2 [19].
2. In the literature there are different concepts of a stratified space, see e.g.
[27, Chapter 1] for a discussion.
Example 2.4. 1. Among important examples of stratified spaces of depth 1
are pseudomanifolds with edges, see e.g. [24]. Let us recall the definition of a
pseudomanifold with edges. Suppose that M is a compact connected smooth
manifold with boundary ∂M , and suppose that ∂M is the total space of a smooth
locally trivial bundle pi : ∂M → N over a closed smooth base N whose fiber is
a closed smooth manifold. The topological space X obtained by gluing M to N
with help of pi (i.e. the points in each fiber pi−1(s) are identified with s ∈ N) is
called a pseudomanifold with edges corresponding to the pair (M,pi). The natural
surjective map M → X which is the identity on M \ ∂M is denoted by p¯i. In
general, N need not be connected, and the connected components of N are called
edges of X . Clearly, X = (X \N) ∪N is a decomposed space, moreover X \N is
an open connected stratum of X . Now we will prove that N satisfies the condition
in Definition 2.2. For s ∈ N let L be the fiber pi−1(s) ⊂ ∂M and B be an open
neighborhood of s in N such that pi−1(B) = B × pi−1(s). Let pi−1(N)ε be a collar
neighborhood of the boundary component pi−1(N) ⊂ ∂M in M provided with a
trivialization (p, t) : pi−1(N)ε → pi−1(N) × [0, ε), where p is a smooth retraction
pi−1(N)ε → pi
−1(N). Set U(s) := p¯i(p−1 ◦ pi−1(B)). We define a trivialization
φs : U(s) → B × cL(1) by φs(x) = (pi ◦ p(x), [t, p(x)]). This shows that X is
a stratified space of depth 1. An important class of pseudomanifolds with edges
consists of pseudomanifolds X with isolated conical singularities, if its edges Xi of
X are just points si of X .
2. If L is a compact stratified space, then the cone cL is also a stratified space.
3. If L1 and L2 are stratified spaces, then L1 × L2 is a stratified space. In
particular, a product of cones cL1 × cL2 = c(L1 × L2 × [0, 1]) has the following
decomposition: c(L1×L2× [0, 1]) = {pt}∪L1×(0, 1)∪L2×(0, 1)∪L1×L2×(0, 1).
2.2. Smooth structure on stratified spaces and its simplest properties.
We now introduce the notion of a smooth structure on a stratified space X , which
is a natural extension of our notion of a smooth structure on a pseudomanifold
with isolated conical singularities (pseudomanifold w.i.c.s.) in [16] (Remark 2.7.2).
As the notion of a stratified space X is defined inductively on the depth of X ,
the notion of a smooth structure on X is also defined inductively on the depth on
X .
Since X is locally modelled as a product B × cL(1), we define the notion of a
smooth structure on the product B × cL(1) inductively on the depth of L. More
generally, we introduce the notion of a smooth structure on a stratified space X of
depth k, recursively on k. The key notion is a product smooth structure (Definition
2.5.2).
For a stratum S ⊂ X we consider the following associated spaces.
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• C∞u (S) - the space of all usual smooth functions on S.
• C∞u,0(S) := C
∞
u (S) ∩ C
0
0 (S), where C
0
0 (S) is the space of all continuous
functions with compact support.
• For f ∈ C00 (S), let j∗(f) ∈ C
0
0 (X) denote the unique extension of f such
that j∗(f) = 0 if x 6∈ S.
Definition 2.5. (cf. [16, Definition 2.2]) A smooth structure on a stratified space
X of depth k is a choice of a R-subalgebra C∞(X) of the algebra C0(X) of con-
tinuous real-valued functions on X that satisfy the following properties.
1. C∞(X) is a germ-defined C∞-ring.
2. For any x ∈ X there exists a local trivialization φx : U(x)→ Bx×cL(1) which
is a local diffeomorphism of stratified spaces, i.e., C∞(U) = φ∗x(C
∞(B × cL(1))),
where C∞(B × cL(1)) is a product smooth structure. In other words, C∞(B ×
cL(1)) is the germ-defined C∞-ring whose sheaf SC∞(B × cL(1)) is generated
by pi∗1(SC
∞(B)) and pi∗2(SC
∞(cL(1))), where pi1 and pi2 are the projections from
B × cL(1) to B and cL(1) respectively (cf. [23, §3]).
3. A smooth structure C∞(cL(1)) on the cone over a compact stratified space
L must satisfy the following two additional properties: (3a) C∞(cL(1))|L×(0,1) ⊂
C∞(L× (0, 1)), and (3b) j∗[pi∗1(C
∞
u,0(0, 1))] ⊂ C
∞(c(L(1)), where pi1 : L× (0, 1)→
(0, 1) is the projection.
Lemma 2.6. Any smooth structure C∞(X) on a stratified space X satisfies the
following properties.
1. C∞(X)|S ⊂ C
∞
u (S) for each stratum S of X.
2. (cf. [16, Lemma 2.1]) C∞(X) is partially invertible in the following sense.
If f ∈ C∞(X) is nowhere vanishing, then 1/f ∈ C∞(X).
Proof. We prove the first assertion of Lemma 2.6 using induction on the dimension
of X . Clearly this assertion is valid if dimX = 1. Since C∞(X) is germ-defined,
it suffices to prove Lemma 2.6.1 locally. Hence, w.l.o.g., by Definition 2.5.2 we can
assume that X = B × cL(1) and C∞(X) is a product smooth structure.
First, we consider the case S = B × [L, 0]. By Definition 2.5.2, any smooth
function on X is locally written as G(f1, · · · fn, h1, · · ·hk) where G ∈ C
∞(Rn+k),
fi ∈ C∞(B), hi ∈ C∞(cL(1)). Since the restriction of hi to B is constant,
G(f1, · · · , fn, h1, · · · , hk)|S is a smooth function on B. Now assume that S =
B × SL × (0, 1), where SL is a stratum of L. Using the condition (3a) in Defi-
nition 2.5, we can assume that X = B × L × (0, 1) and C∞(X) is generated by
pi∗1(SC
∞(B)), pi∗2(SC
∞(L)), pi∗3(SC
∞
u (0, 1)), where pi1, pi2, pi3 are the projections
from X to B, L, (0, 1) respectively. Thus, any function in C∞(X) is locally of
the form G(fi, hj , t) where fi ∈ C∞(B), hj ∈ C∞(L) and t ∈ (0, 1). Using the
induction assumption, noting that dimL ≤ dimX − 1, we have hi|SL ∈ C
∞
u (SL).
Hence G|B×SL×(0,1) ∈ C
∞
u (B × SL × (0, 1)). This completes the proof of the first
assertion of Lemma 2.6.
To prove the last assertion of Lemma 2.6 it suffices to show that locally 1/f is
a smooth function. Since f 6= 0, shrinking a neighborhood U of x if necessary, we
can assume that there is an open interval (−ε, ε) which has no intersection with
f(U). Now there exists a function ψ : R→ R such that
a)ψ|f(U) = Id,
b) (−ε/2, ε/2) does not intersect with ψ(R).
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Clearly G : R→ R defined by G(x) := ψ(x)−1 is a smooth function. Note that
1/f(y) = G(f(y)) for any y ∈ U . This completes the proof of the last assertion of
Lemma 2.6. 
Remark 2.7. 1. Denote by i the canonical inclusion Xreg → X . Since X =
Xreg, the kernel of i∗ : C∞(X) → C0(Xreg) is zero. Lemma 2.6.1 implies that
i∗(C∞(X)) is a subalgebra of C∞u (X
reg). Roughly speaking, we can regardC∞(X)
as a subalgebra of C∞u (X
reg).
2. The condition (3b) in Definition 2.5 is a relaxing of the condition 3 of
Definition 2.2 in [16] for pseudomanifolds w.i.c.s. that requires j∗(C
∞
0 M
reg) ⊂
C∞(M reg). In fact, in [16] (and in the present note) we need only the (weaker)
condition (3b) of Definition 2.5 for the existence of partition of unity and nothing
more.
3. Our definition of a smooth structure on a stratified space is a refinement of
the definition due to Sjammar and Lerman [25], which requires a smooth structure
to satisfy only Lemma 2.6.1. Pflaum introduces smooth structures by means of a
maximal atlas; thus a smooth structure appears as an equivalence class of a system
of local embeddings into suitable Rn [27].
We are going to prove the existence of smooth partitions of unity, which is
important for later applications (Remark 3.14, Remark 3.22).
Proposition 2.8. (cf. [16, Proposition 2.1]) Let {Ui}i∈I be a locally finite open
covering of X such that each Ui has a compact closure U¯i. Then there exists a
smooth partition of unity {fi}i∈I subordinate to {Ui}i∈I .
Proof. This is a local statement, hence it suffices to prove for the case X = B ×
cL(1). Since the smooth structure on B × cL(1) is a product smooth structure, it
is not hard to reduce Proposition 2.8 to the case B is a point, i.e. X = cL(1) is
a cone over a stratified space L. For the case L is a smooth manifold, by Remark
2.7.2, we have proved the corresponding assertion in [16, Proposition 2.1]. The
proof of [16, Proposition 2.1] can be repeated word-by-word for the case L is a
stratified space, using the last two conditions of Definitions 2.5; so we omit its
proof. 
The following Corollary is an immediate consequence of the existence of parti-
tion of unity, see. e.g. [16, Lemma 2.11].
Corollary 2.9. Smooth functions on X separate points on X.
Next, we introduce the notion of the cotangent bundle and the notion of the
Zariski tangent bundle of a stratified space X , in the same way as we did in [16],
which are similar to the notions introduced in [25], [27, B.1]. Note that the germs
of smooth functions C∞x (X) is a local R-algebra with the unique maximal ideal mx
consisting of functions that vanish at x. Set T ∗x (X) := mx/m
2
x. Since the following
exact sequence
(2.1) 0→ mx → C
∞
x
j
→ R→ 0
splits, where j is the evaluation map, j(fx) = fx(x) for any fx ∈ C∞x , the space
T ∗xX can be identified with the space of Ka¨hler differentials of C
∞
x (X). The Ka¨hler
derivation d : C∞x (X)→ T
∗
xX is defined as follows:
(2.2) d(fx) := (fx − j
−1(fx(x)) +m
2
x,
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where j−1 : R → C∞x is the left inverse of j, see e.g. [18, Chapter 10], or [27,
Proposition B.1.2]. We call T ∗xX the cotangent space of X at x. Its dual space
TZx X := Hom(T
∗
xX,R) is called the Zariski tangent space of X at x. The union
T ∗X := ∪x∈XT ∗xX is called the cotangent bundle of X . The union T
ZX :=
∪x∈XT
Z
x X is called the Zariski tangent bundle of X .
Let us denote by Ω1x(X) the C
∞
x (X)-module C
∞
x (X)⊗Rmx/m
2
x. We call Ω
1
x(X)
the germs of 1-forms at x. Set Ωkx(X) := C
∞
x (X)⊗R Λ
k(mx/m
2
x). Then ⊕kΩ
k
x(X)
is an exterior algebra with the following wedge product
(2.3) (f ⊗R dg1 ∧ · · · ∧ dgk)∧ (f
′⊗R dgk+1 ∧ · · · ∧ dgl) := (f · f
′)⊗R dg1 ∧ · · · ∧ dgl,
where f, f ′ ∈ C∞x and dgi ∈ T
∗
xM .
Note that the Ka¨hler derivation d : C∞x (X) := Ω
0
x(X)→ Ω
1
x(X) extends to the
unique derivation d : Ωkx(X)→ Ω
k+1
x (X) satisfying the Leibniz property. Namely
we set
d(f ⊗ 1) := 1⊗ df,
d(f ⊗ α ∧ g ⊗ β) := d(f ⊗ α) ∧ g ⊗ β + (−1)deg αf ⊗ α ∧ d(g ⊗ β).
Definition 2.10. 1. (cf. [23, §2]) A section α : X → ΛkT ∗(X) is called a smooth
differential k-form, if for each x ∈ X there exists a neighborhood U(x) ⊂ X
of x such that α(x) can be represented as
∑
i0i1···ik
fi0dfi1 ∧ · · · ∧ dfik for some
fi0 , · · · , fik ∈ C
∞(X).
2. A section V : X → ΛkTZX will be called a smooth Zariski k-vector field, if
for any α ∈ Ωk(X) the value V (α) is a smooth function on X .
Denote by Ω(X) = ⊕kΩk(X) the space of all smooth differential forms on X .
We identify the germ at x of a k-form
∑
i0i1···ik
fi0dfi1 ∧· · ·∧dfik with the element∑
i0i1···ik
fi0 ⊗ dfi1 ∧ · · · ∧ dfik ∈ Ω
k
x(X). Clearly the Ka¨hler derivation d extends
to a map, also denoted by d, that sends Ω(X) to Ω(X).
Now we set
Ωu(X
reg) := Ω(Xreg, C∞u (X
reg)).
Remark 2.7.1 implies immediately
Lemma 2.11. The kernel i∗ : Ω(X) → Ωu(Xreg) is zero. Roughly speaking, we
can regard Ω(X) as a subspace in Ωu(X
reg).
2.3. Examples of smooth structures on stratified spaces.
Example 2.12. Assume that X is a realization of a compact polytope in Rn,
i.e., X is a stratified space such that each stratum S of dimension k of X is an
open disk in some affine subspace of dimension k in Rn. Then X has a nat-
ural smooth structure induced from the standard smooth structure on Rn i.e.
SC∞(X) := SC∞(Rn)|X . Indeed, by construction C∞(X) is a germ-defined C∞-
ring, hence the condition 1 in Definition 2.5 is trivially satisfied. Now let us prove
the validity of the second condition on the product smooth structure inductively
on the dimension of X . Note that the validity of the second condition is triv-
ially satisfied, if dimX = 0. Since X is a realization of a polytope, the tubular
neighborhood of any point x ∈ Sk in Rn has the form Bx × cL(1), where L(1)
is the intersection of X with the sphere Sn−k−1 of a small enough radius cen-
tred at x on a hyperplane through x in Rn that is orthogonally complement to
S, and Bx is an open ball around x in S. By the dimension induction assump-
tion, L(1) ⊂ Sn−k−1 has a natural smooth structure induced from the embedding
8 HOˆNG VAˆN LEˆ, PETR SOMBERG AND JIRˇI VANZˇURA
L(1) → Sn−k−1 ⊂ Rn, which satisfies the conditions of Definition 2.5, since the
projection from a punctured sphere Sn−k−1 \ {pt} to Rn−k−1, where {pt} 6∈ L(1),
sends L(1) to a realization of a polytope of lower dimension in Rn−k−1, and this
projection is a diffeomorphism between Sn−k−1 \ {pt} and Rn−k−1. To study the
smooth structure on cL(1) we need the following
Lemma 2.13. Assume that A ⊂ Rn and B ⊂ Rm. Then the sheaf SC∞(Rn ×
R
m)|A×B is generated by pi
∗
1(SC
∞(Rn)|A) and pi
∗
2(SC
∞(Rm)|B), where pi1 and pi2
are the projection of Rn+m onto Rn and Rm respectively.
Proof. Lemma 2.13 is a consequence of the simple fact that SC∞(Rn × Rm) is
generated by SC∞(Rn) and SC∞(Rm). 
Lemma 2.13 implies that the induced smooth structure on the product Bx ×
cL(1) satisfies the condition 2 of Definition 2.5. The condition (3a) of Definition 2.5
trivially holds, and the condition (3b) of Definition 2.5 also holds for the smooth
structure on the cone cL(1) ⊂ Rn−k ⊂ Rn, using partition of unity on Rn−k.
This proves that the induced smooth structure on X satisfies all the conditions of
Definition 2.5.
Example 2.14. Assume that (Xi, C
∞(Xi)) are stratified spaces provided with
smooth structures. Then it is easy to verify that (ΠXi,Π(C
∞(Xi)) is a stratified
manifold provided with a smooth structure.
Example 2.15. Assume that we have a continuous surjective map M
pi
→ X from
a smooth manifold M with corner to a stratified space X of depth 1 such that
for each stratum Si ⊂ X the triple (pi−1(Si), pii, Si) is a differentiable fibration,
moreover for each x ∈ Xreg the preimage pi−1(x) consists of a single point. Clearly
pi induces a stratified space structure on M . The R-subalgebra C∞(X) := {f ∈
C0(X)|pi∗f ∈ C∞(M)} will be called a resolvable smooth structure. We are going
to show that a resolvable smooth structure satisfies the conditions in Definition 2.5.
First, C∞(X) is a germ-defined C∞-ring, since C∞(M) possesses this property.
Next, the existence of a local smooth trivialization φx for each x ∈ X , which
satisfies the last two conditions of Definition 2.5 is a consequence of the existence
of a differentiable fibration (pi−1(Si), pii, Si) and the fact that pi induces a stratified
space structure on M . The space M will be called a resolution of X .
In what follows we study some properties of a resolvable smooth structure on
a stratified space of depth 1.
We say that C∞(M) is locally smoothly contractible, if for any x ∈ M there
exists an open neighborhood U(x) ∋ x together with a smooth homotopy σ :
U(x) × [0, 1] → U(x) joining the identity map with the constant map U(x) 7→ x
[23, §5].
A C∞-ring C∞(X) is called finitely generated, if there are finite elements
f1, · · · , fk ∈ C∞(X) such that any h ∈ C∞(X) can be written as h = G(f1, · · · , fk),
where G ∈ C∞(Rk).
Lemma 2.16. Every pseudomanifold X with edges has a resolvable smooth struc-
ture, which is locally smoothly contractible.
Proof. By definition (see Example 2.4.1), there exist a compact smooth manifold
M with boundary ∂M and a surjective map p¯i : M → X . In Example 2.12.3 we
have shown that such a X has a resolvable smooth structure C∞(X) := {f ∈
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C0(X)| p¯i∗f ∈ C∞(M)}. We will show that C∞(X) is locally smoothly con-
tractible. Let Si be a singular stratum of X , and p¯i
−1(Si) = ∂Mi ⊂ ∂M . Let
V (∂Mi) be a collar open neighborhood of ∂Mi in M . Then U(Si) := p¯i(V (∂Mi))
is an open neighborhood of Si in X . Let us consider the following commutative
diagram
I × V (∂Mi)
(Id×p¯i)

F˜
// V (∂Mi)
p¯i

I × U(Si)
F
// U(Si)
where F˜ is a smooth retraction from V (∂Mi) to ∂Mi, constructed using the fibra-
tion [0, 1)→ V (∂Mi)→ ∂Mi. We set
F (t, x) := p¯i(F˜ (t, p¯i−1(x))).
Since F˜|∂Mi = Id, the map F is well-defined. Clearly F is a smooth homotopy,
since F˜ is a smooth homotopy. This proves Proposition 2.16. 
Proposition 2.17. A resolvable smooth structure on a stratified space X of depth
1 obtained from a smooth manifold M with corner is not finitely generated as a
C∞-ring, if there exists x ∈ X such that dimpi−1(x) ≥ 1, where pi :M → X is the
associated projection.
Proof. Assume the opposite i.e. C∞(X) is generated by g1, · · · , gn ∈ C∞(X).
Then G := (g1, · · · , gn) defines a smooth embedding X → Rn. Hence C∞(X) =
C∞(Rn)/I, where I is an ideal of C∞(Rn) of smooth functions on Rn vanishing
on G(X) [21, p. 21, Proposition 1.5]. In particular, the cotangent space T ∗xX is
a finite dimensional linear space for all x ∈ X . We will show that this assertion
leads to a contradiction.
Let S be a stratum ofX such that dim(pi−1(S)) ≥ dimS+1. Let x ∈ S and U(x)
a small open neighborhood of x in X . Let f ∈ C∞(U(x)), equivalently pi∗(f) ∈
C∞(pi−1(U(x)). Let χ : pi−1(U(x)) → Rp+ × R
n−p ⊂ Rn be a coordinate map on
pi−1(U(x)) ⊂ M . By definition of manifolds with corner, we have (χ−1)∗pi∗(f) ∈
C∞(U˜) for some open set U˜ ⊂ Rn containing χ(pi−1(U(x))). Denote by S˜ the
preimage χ ◦ pi−1(S ∩ U(x)), which is a submanifold of U˜(x). Let us denote the
restriction of pi ◦χ−1 to S˜ by p˜i. Then the triple (S˜, p˜i, S∩U) is a smooth fibration,
whose fiber p˜i−1(y) is a smooth manifold of dimension at least 1. We note that
(χ−1)∗pi∗(f) belongs to the subalgebra C∞(U˜ , S˜, p˜i) consisting of smooth functions
on U˜ that are constant along fiber p˜i−1(y) for all y ∈ S ∩U(x). Since the depth of
X is 1, C∞(U˜ , S˜, p˜i) is identified with the set of smooth functions on U .
Shrinking U(x) we can assume that S˜ = U˜ ∩ Rk and p˜i : S˜ → S ∩ U is the
restriction of a linear projection p¯i : Rk → Rl, where l = dimS, k = dim S˜,
and S ∩ U = Rl ∩ U . Here we assume that U is an open set in Rn. Let Rn−k
with coordinate x˜ = (x˜1, · · · , x˜n−k) be a complement to Rk in Rn ⊃ U˜ , and let
R
k−l ⊂ Rk with coordinate y˜ = (y˜1, · · · , y˜k−l) be the set p¯i−1(0). We also equip
the subspace Rl with coordinate z˜ = (z˜1, · · · , z˜l). The condition dimpi−1(x) ≥ 1
in Proposition 2.16 is equivalent to the equality k − l ≥ 1; in other words, y is an
essential variable. Furthermore, a point s˜ ∈ S˜ ⊂ Rn has (local) coordinates with
x˜ = 0.
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Lemma 2.18. A function g ∈ C∞(U˜) belongs to C∞(U˜ , S˜, p˜i) if and only if g has
the form
g(x˜1, · · · , x˜n−k, y˜, z˜) = x˜1g1(x˜, y˜, z˜) + · · ·+ x˜
n−kgn−k(x˜, y˜, z˜) + c(z˜),
where gi ∈ C∞(U˜) and c(z˜) is a smooth function on U depending only on variable
z˜.
Proof. We write for g ∈ C∞(U˜ , S˜, p˜i)
g(x˜, y˜, z˜)− g(0, y˜, z˜) =
∫ 1
0
dg(tx˜, y˜, z˜)
dt
dt =
∫ 1
0
n−k∑
i=1
∂g(tx˜1, · · · , tx˜n−k, y˜, z˜)
∂(tx˜i)
x˜i dt.
Setting
gi :=
∫ 1
0
∂g(tx˜1, · · · , tx˜n−k, y˜, z˜)
∂(tx˜i)
dt,
we obtain g(x˜, y˜, z˜) =
∑n−k
i=1 x˜
igi(x˜, y˜, z˜) + g(0, y˜, z˜). Since g(0, y˜, z˜) depends only
on z˜, we obtain the “only if” part of Lemma 2.18 immediately. The “if” part is
trivial. This proves Lemma 2.18. 
Now let us complete the proof of Proposition 2.17. Take a point s ∈ S and
a point s˜ ∈ p˜i−1(s) such that x˜(s˜) = y˜(s˜) = z˜(s˜) = 0. Since X has depth
1, Lemma 2.18 implies that the maximal ideal ms is a linear space generated by
functions of the form x˜igi,α(x˜, y˜, z˜), i = 1, n− k. Let us consider the sequence S :=
{x˜1y˜1, · · · , x˜1(y˜1)m ∈ ms}, m→∞. If dimT ∗sX = dimms/m
2
s = n, there exists a
subsequence x˜1(y˜1)k1 , · · · , x˜1(y˜1)kn such that x˜1(y˜1)m is a linear combination of
x˜1(y˜1)kj modulo m2s for any m, which is impossible. This completes the proof of
Proposition 2.17. 
Remark 2.19. Proposition 2.17 partially answers the question 2 we posed in [16,
§5]. We observe that there are many quotient smooth structures which are finitely
generated, i.e. a quotient by a smooth group action. In this case the dimension
of the fiber over singular strata (e.g. the dimension of a singular orbit) is smaller
than or equal to the dimension of the generic fiber (the dimension of a generic
orbit, respectively).
3. Symplectic stratified spaces and compatible smooth structures
In this chapter we introduce the notion of a stratified symplectic space (X,ω)
(Definition 3.1), which is close to that introduced by Sjamaar and Lerman [25] (Re-
mark 3.2). We also introduce the notion of a weakly symplectic smooth structure
and the notion of a Poisson smooth structure on (X,ω) (Definition 3.3). We give
examples of weakly symplectic smooth structures and Poisson smooth structures
(Propositions 3.8, 3.11, Examples 3.9.1-3). We prove the existence and unique-
ness of a Hamiltonian flow associated with a smooth function H on a symplectic
stratified space X , which is equipped with a Poisson smooth structure (Theorem
3.13). We compare our result with a result by Sjamaar and Lerman in [25, §3]
(Remark 3.14). We prove that the Brylinski-Poisson homology of a symplectic
stratified space X provided with a Poisson weakly symplectic smooth structure
is isomorphic to the de Rham cohomology of X , if the regular strata of X have
the same dimension (Theorem 3.16.) Then we show that, under a mild condition,
a stratified symplectic space (X,ω) provided with a Poisson weakly symplectic
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smooth structure C∞(X) enjoys many nice properties related to the existence of
a Lefschetz decomposition (Lemma 3.18, Proposition 3.20, Theorem 3.21).
3.1. Symplectic stratified spaces.
Definition 3.1. A stratified space X is called symplectic, if every stratum Si is
provided with a symplectic form ωi. The collection ω := {ωi} is called a stratified
symplectic form, or simply a symplectic form, if no misunderstanding can occur.
Remark 3.2. Definition 3.1 coincides with the first topological condition in [25,
Definition 1.12.(i)] of a symplectic stratified space X introduced by Sjamaar and
Lerman. (The other conditions [25, Definitions 1.12.(ii), 1.12.(iii)] require the
existence of a compatible smooth structure on X , which is also called by other au-
thors [13] a stratified symplectic Poisson algebra). Thus any stratified symplectic
space in Sjamaar’s and Lerman’s definition is a stratified symplectic space in our
definition.
3.2. Weakly symplectic smooth structures and Poisson smooth struc-
tures. On each symplectic stratum (Si, ωi) we define the bivector Gωi to be the
section of the bundle Λ2TSi such that Gωi(x) = ∂y1 ∧ ∂x1 + · · · + ∂yn ∧ ∂xn if
ωi(x) =
∑n
j=1 dx
j ∧dyj [3, §1.1]. If we regard ωi as an element in End(TSi, T ∗Si)
and Gωi as an element in End(T
∗Si, TSi), then Gωi is the inverse of ωi. The bi-
vectorGωi defines a Poisson bracket on C
∞(Si) by setting {f, g}ωi := Gωi(df∧dg).
Definition 3.3. Let (X,ω) be a symplectic stratified space and C∞(X) be a
smooth structure on X .
1. A smooth structure C∞(X) is said to be weakly symplectic, if there is a
smooth 2-form ω˜ ∈ Ω2(X) such that the restriction of ω˜ to each stratum Si
coincides with ωi. In this case we also say that ω˜ is compatible with C
∞(X).
2. A smooth structure C∞(X) is called Poisson, if there is a Poisson structure
{, }ω on C∞(X) such that ({f, g}ω)|Si = {f|Si, g|Si}ωi for any stratum Si ⊂ X .
Remark 3.4. 1. Lemma 2.11 implies that there exists at most one 2-form ω˜ ∈
Ω2(X) which is compatible with a given smooth structure C∞(X).
2. We claim that the condition 2 in Definition 3.3 is equivalent to the existence
of a smooth Zariski bi-vector field G˜ω ∈ Γ(Λ2TZ(X)) such that
(3.1) G˜ω(α)|Si = Gωi(α|Si)
for any stratum Si ⊂ X . Indeed, the existence a section G˜ω satisfying (3.1) defines
a Poisson structure on C∞(X) by setting {f, g}(x) := G˜ω(df ∧dg)(x). Conversely,
assume that there is a Poisson structure {, }ω on C∞(X) whose restriction to each
stratum Si coincides with the given Poisson structure on Si. We claim the bi-
vector G˜ωi is a smooth Zariski bi-vector field. Since the space of smooth differential
forms is germ-defined, it suffices to show the above claim locally. Note that on
some neighborhood U we can write Ω2(X) ∋ α =
∑
i fidgi∧dhi, where fi, gi, hi ∈
C∞(U). Since the smooth structure is Poisson, we get
(3.2) G˜ω(α) =
∑
i
G˜ω(fidgi ∧ dhi) =
∑
i
fi{gi, hi} ∈ C
∞(U).
This proves our claim.
3. The condition 2 of Definition 3.3 agrees with the condition (iii) in Definition
1.12 of [25] by Sjamaar and Lerman of a stratified symplectic Poisson algebra.
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It also agrees with our Definition of a Poisson smooth structure on a conical
symplectic pseudomanifold in [16, §4].
Now we are going to consider important examples of weakly symplectic smooth
structures and Poisson smooth structures.
Example 3.5. We assume that a compact Lie group G acts on a connected
symplectic manifold (M,ω) with proper moment map J : M → g∗. Let Z =
J−1(0). The quotient spaceM0 = Z/G is called a symplectic reduction ofM . If 0 is
a singular value of J then Z is not a manifold andM0 is called a singular symplectic
reduction. It is known that M0 is a stratified symplectic space in Sjamaar’s and
Lerman’s definition [25], and hence in our definition, see Remark 3.2. Let us recall
the description of M0 by Sjamaar and Lerman. For a subgroup H of G denote by
M(H) the set of all points whose stabilizer is conjugate to H, the stratum of M of
orbit type (H).
Lemma 3.6. [25, Theorem 2.1] Let (M,ω) be a Hamiltonian G-space with moment
map J :M → g∗. The intersection of the stratum M(H) of orbit type (H) with the
zero level set Z of the moment map is a manifold, and the orbit space
(M0)(H) = (M(H) ∩ Z)/G
has a natural symplectic structure (ω0)(H) whose pullback to Z(H) := M(H) ∩ Z
coincides with the restriction to Z(H) of the symplectic form ω onM . Consequently
the stratification of M by orbit types induces a decomposition of the reduced space
M0 = Z/G into a disjoint union of symplectic manifolds M0 = ∪H⊂G(M0)(H).
Since J is proper, by Theorem 5.9 in [25] the regular part M reg0 is connected.
Sjamaar and Lerman also defined a “canonical” smooth structure onM0 as follows.
Set C∞(M0)can := C
∞(M)G/IG, where IG is the ideal of G-invariant functions
vanishing on Z [25, Example 1.11]. We will show that C∞(M0)can is also a smooth
structure in the sense of Definition 2.5. Denote by pi the natural projection Z →
Z/G. Set C∞(Z) := C∞(M)|Z . Since Z is closed, C∞(Z) = C∞(M)/IZ , where
IZ is the ideal of smooth functions on M vanishing on Z.
We claim that the space C∞(Z)G of G-invariant smooth functions on Z can be
identified with the space C∞(M0)can = C
∞(M)G/IG. Clearly C∞(M)G/IG is a
subspace of G-invariant smooth functions on Z. On the other hand, any smooth
function f on M can be modified to a G-invariant smooth function fG ∈ C∞(M)
by setting
fG(x) :=
∫
G
f(g · x)µg
for a G-invariant measure µg on G normalized by the condition vol(G) = 1. So if
g ∈ C∞(Z)G, then g is the restriction of a G-invariant function on M . In other
words, we have an injective map C∞(Z)G → C∞(M)G/IG. Hence follows the
identity C∞(Z)G = C∞(M0)can. It follows that C
∞(M0)can is the quotient of
the smooth structure obtained from C∞(Z) via the projection pi : Z → M0. In
particular, C∞(M0)can is a germ-defined C
∞-ring, since C∞(Z) is a germ-defined
C∞-ring.
Proposition 3.7. C∞(M0)can is a smooth structure in the sense of Definition
2.5.
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Proof. Note that C∞(M0)can satisfies the first condition in Definition 2.5. To show
that C∞(M0)can satisfies the other conditions in Definition 2.5, we use Theorem
6.7 in [25] which asserts that there is a proper smooth embedding (M0, C
∞(M0)can)
i
→
(Rn, C∞(Rn)) such that the image i(M0) is a stratified Whitney subspace X of
R
n. In particular C∞(M0)can = i
∗(C∞(Rn)).
We describe a neighborhood of a point p ∈ X in Rn following [25, p. 410]. Let
S denote the stratum of X that contains p. Let N ′ be a submanifold in Rn that
is transversal to each stratum of X , intersects S in the single point p and satisfies
dimN ′ + dimS = n. Let Bδ(p) ⊂ Rn denote the ball of radius δ. By Whitney’s
condition B, if δ is sufficiently small, then the sphere ∂Bδ(p) will be transversal to
to each stratum in X ∩N ′. Fix such a δ > 0. Next we consider the normal slice
N(p) := N ′ ∩X ∩Bδ(p) and the link L(p) := N ′ ∩X ∩ ∂Bδ(p) of the stratum S at
the point p. These spaces are canonical Whitney stratified spaces, since they are
transversal intersections of Whitney stratified spaces. Furthermore, S has an open
neighborhood TS in X with local trivial fibration pi : TS → S such that pi−1(p) is
homeomorphic to cL(p). Using Lemma 2.13, this implies that the induced smooth
structure on X satisfies the condition 2 of Definition 2.5. The last two conditions
(3a) and (3b) of Definition 2.5 also hold for X , since locally we have the same
description of X as that in Example 2.12. This completes the proof of Proposition
3.7. (We also refer the reader to a more explicit, algebraic description of the local
structure of C∞(M0)can given in Theorem 5.1 [25] and its proof). 
Proposition 3.8. The smooth structure C∞(M0)can is both weakly symplectic
and Poisson.
Proof. We observe that C∞(M0)can is weakly symplectic, since by Proposition
3.6 the pull back pi∗(ω0) is equal to the restriction of the symplectic form ω to
Z. Furthermore, the Poisson property of C∞(M0)can follows from [25, Proposition
3.1], where they showed that C∞(M0)can is closed under the Poisson bracket. This
completes the proof of Proposition 3.8. 
Let us consider another important class of stratified symplectic spaces, which
are the closure of nilpotent orbits in a complex semisimple Lie algebra g. This
class has been examined by Panyshev [26], Huebschmann [13], Fu [8] and many
other under different perspectives.
Example 3.9. For x ∈ g let x = xs+xn be the Jordan decomposition of x, where
xn 6= 0 is a nilpotent element, xs is a semisimple and [xs, xn] = 0. Denote by G the
adjoint group of g and by ZG(xs) the centralizer of xs in G. The adjoint orbit G(x)
is a fibration over G(xs) whose fiber over xs is the ZG(xs)-orbit of xn. Since G(xs)
is a closed orbit, a neighborhood U of a point x ∈ G(x) is isomorphic to the product
B×ZG(xs) ·xn, where B is an open neighborhood of xs in G(xs). It is known that
the closure ZG(xs) · xn is a finite union of ZG(xs)-orbits of nilpotent elements in
the Lie subalgebra Zg(xs) [6, chapter 6], so the closure G(x) is a finite union of
adjoint orbits in g provided with the Kostant-Kirillov symplectic structure. Thus
G(x) is a decomposed space, whose strata are symplectic manifolds. Moreover
G(x)
reg
= G(x) is connected.
1. Now assume that xn is a minimal nilpotent element in Zg(xs). Then G(x) is
a stratified symplectic space of depth 1, since ZG(xs) · xn = ZG(xs) · xn ∪ {0}, [6,
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§4.3]. The embedding G(x) → g provides G(x) with a natural finitely generated
C∞-ring
C∞1 (G(x)) := {f ∈ C
0(G(x))| f = f˜|G(x) for some f˜ ∈ C
∞(g)}.
Clearly, C∞1 (G(x)) satisfies the first condition of Definition 2.5. The last two
conditions in Definition 2.5 also hold, since G(x) is a fibration over G(xs) whose
fiber is the cone ZG(xs)(xn) containing the origin {0} ∈ g. Thus C
∞
1 (G(x)) is a
smooth structure according to Definition 2.5.
The smooth structure C∞1 (G(x)) is Poisson that is inherited from the Poisson
structure on g. It is also weakly symplectic, since the symplectic form on G(x) is
the restriction of the smooth 2-form ωx(v, w) = 〈x, [v, w]〉 on g.
2. We still assume that xn is minimal in Zg(xs). In [26, Lemma 2] Panyushev
showed that G(x) possesses an algebraic (Springer’s) resolution of the singularity
at {0} ∈ G(x) ⊂ g. We will show that this resolution brings a resolvable smooth
structure C∞2 (G(x)). First we recall the construction in [26]. Let
• h be a characteristic of xn (i.e. h ∈ Zg(xs) is a semisimple element and
(h, xn, yn) ⊂ Zg(xs) is an sl2-triple);
• Zg(xs)(i) := {s ∈ Zg(xs)|[h, s] = is};
• n2(xs) := ⊕i≥2Zg(xs)(i);
• P (xs) denote a parabolic subgroup with the Lie algebra lP (xs) := ⊕i≥0Zg(xs)(i)
• N− - the connected Lie subgroup of ZG(xs) with Lie algebra
lN−(xs) := ⊕i<0Zg(xs)(i).
It is known that P (xs) · xn = n2(xs) and ZZG(xs)(xn) ⊂ P (xs). Hence there exists
a natural map
τ : ZG(xs) ∗P (xs) n2(xs)→ ZG(xs) · xn, g ∗ n 7→ gn,
which is a resolution of the singularity of the cone ZG(xs) · xn. The resolution of
the G(x) is obtained by considering the fibration F over the orbit G(xs) whose
fiber over xs is ZG(xs) ∗P (xs) n2(xs). The map τ extends to a map τ˜ : F → G(x)
as follows. Denote by (xs, y) the point in the fiber over xs ∈ G(xs) in F that is
defined by y ∈ ZG(xs) ∗P (xs) n2(xs). Then we set τ˜ (xs, y) := τxs(y).
The resolvable smooth structure C∞2 (G(x)) is defined by τ˜ as in Example 2.12.3.
By Lemma 2.16 C∞2 (G(x)) is locally smoothly contractible.
3. In addition, now we assume that xs = 0, so ZG(xs) = G, P (xs) = P and
n2(xs) = n2. In this case it has been shown in [26] that τ
∗(ω) is a smooth 2-form
on G∗P n2. It follows that C∞2 (G(x)) is weakly symplectic. Panyushev also showed
that τ∗(ω) is symplectic if and only if x is even. (We refer the reader to [6] and
[7] for a detailed description of nilpotent orbits.)
Lemma 3.10. Assume that X is a stratified symplectic space with isolated conical
singularities and (X˜, ω˜, pi : X˜ → X) a smooth resolution of X such that ω˜ is a
symplectic form on X˜ and pi∗(ω|Xreg ) = ω˜|pi−1(Xreg). If for each singular point
x ∈ X the preimage pi−1(x) is a coisotropic submanifold in X˜, then the obtained
resolvable smooth structure C∞(X) is Poisson.
Proof. We define a Poisson bracket on C∞(X) by setting {g, f}ω(x) := {pi∗g, pi∗f}ω˜(x˜),
for x˜ ∈ pi−1(x). We will show that this definition does not depend on the
choice of a particular x˜. By definition {pi∗g, pi∗f}ω˜(x˜) := Gω˜(dpi
∗g, dpi∗f)(x˜).
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Since pi∗f and pi∗g are constant along the coisotropic submanifold pi−1(x), we get
Gω˜(dpi
∗g, dpi∗f)(x˜) = 0. This proves Lemma 3.10. 
It has been showed in [1, §2], [26] that the preimage τ−1(ZG(xs) · xn \ZG(xs) ·
xn) is a Lagrangian submanifold in ZG(xs) ∗P (xs) n2(xs) which is the cotangent
bundle T ∗(ZG(xs)/P (xs)) supplied with the natural symplectic structure. Using
Lemma 3.10 we summarize our examination of Example 3.9 in the following
Proposition 3.11. Let x = xn + xs where xn is a minimal nilpotent element in
Zg(xs). Then C∞1 (G(x)) is a weakly symplectic and Poisson smooth structure. If
xs = 0, then C
∞
2 (G(x)) is a weakly symplectic and Poisson smooth structure.
3.3. The existence of Hamiltonian flows. Let (X,ω) be a stratified symplectic
space and C∞(X) a Poisson smooth structure on X . For any H ∈ C∞(X) we
define a linear operator XH : C
∞(X)→ X∞(X) by
XH(f) := {f,H}ω for f ∈ C
∞(X).
By definition, for given H , the value XH(f)(x) depends only on the value df(x).
Hence XH is a section of the Zariski tangent bundle of X . We call XH the Hamil-
tonian vector field associated with H .
Lemma 3.12. The Hamiltonian vector field XH is a smooth Zariski vector field
on X. If x is a point in a stratum S, then XH(x) ∈ TxS.
Proof. By definition of a Poisson structure, the function XH(f) is smooth for all
f ∈ C∞(X). Hence XH is a smooth Zariski vector field. This proves the first
assertion of Lemma 3.12. To prove the second assertion it suffices to show that, if
the restriction of a function f ∈ C∞(X) to a neighborhood US(x) ⊂ S of a point
x ∈ S is zero, then XH(f)(x) = 0. The last identity holds, since XH(f)(x) is
equal to the Poisson bracket of the restriction of H and f to S. This completes
the proof. 
Theorem 3.13. (cf. [25, §3]) Given a Hamiltonian function H ∈ C∞(X) and a
point x ∈ X there exists a unique smooth curve γ : (−ε, ε)→ X such that for any
f ∈ C∞(X) we have
(3.3)
d
dt
f(γ(t)) = {f,H}.
Proof. Let Φt(x) be the flow that is generated by XH |S on each stratum S ⊂ X .
Since C∞(X) is Poisson, the validity of (3.3) for γ(t) := Φt follows from Lemma
3.12. This proves the existence of a flow satisfying (3.3).
Now let us prove the uniqueness of the flow satisfying (3.3), using Sjamaar’s and
Lerman’s argument in [25, §3]. Let x ∈ X and γ(t), t ∈ (−ε1, ε1) be an integral
curve of the equation (3.3) with γ0(0) = x. We will show that Φ−t(γ(t)) = x for
all 0 ≤ t ≤ min(ε, ε1). By Corollary 2.9 smooth functions on X separate points.
Therefore it suffices to show that for all t ≤ min(ε, ε1) and for all f ∈ C∞(X) we
have
(3.4) f(Φ−t(γt(t))) = f(x).
As in [25, §3], using (3.3), we have
d
dt
f(Φ−t(γ(t))) = {H, f}ω(γ(t)) + {f,H}ω(γ(t)) = 0.
This implies (3.4) and completes the proof of Theorem 3.13. 
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Remark 3.14. 1. In Example 3.5 we proved that the smooth structure on a
singular symplectic reduced space (M2n, ω)//G defined by Sjamaar and Lerman
in [25] is a Poisson smooth structure in sense of our definition. Thus, their result
on the existence of a Hamiltonian flow on (M2n, ω)//G in [25, §3] is a consequence
of our Theorem 3.13.
2. In [25] Sjamaar and Lerman used a slightly different method for their proof
of the existence of a Hamiltonian flow on the singular symplectic reduced space
(M2n, ω)//G. They looked at the corresponding Hamiltonian flow on M and
showed that this flow descends to a Hamiltonian flow on the reduced space.
3.4. Brylinski-Poisson homology. In this subsection we extend the study of the
Brylinski-Poisson homology of symplectic pseudomanifolds with isolated conical
singularities in [16, §4] to the case of stratified symplectic spaces X equipped with
a Poisson smooth structure.
Assume that C∞(X) is a Poisson smooth structure. We consider the canonical
complex
→ Ωn+1(X)
δ
→ Ωn(X)→ ...,
where δ is a linear operator defined as follows. Let α ∈ Ω(X) and α =
∑
j f
j
0df
j
1 ∧
df jp be a local representation of α as in Definition 2.10. Then we set (see [12], [3]):
δ(f0df1 ∧ · · · ∧ dfn) :=
n∑
i=1
(−1)i+1{f0, fi}ωdf1 ∧ · · · ∧ d̂fi ∧ · · · ∧ dfn
+
∑
1≤i<j≤n
(−1)i+jf0d{fi, fj}ω ∧ df1 ∧ · · · ∧ d̂fi ∧ · · · ∧ d̂fj ∧ · · · ∧ dfn.
Lemma 3.15. (cf. [16, Lemma 4.3]) 1. δ = i(Gω) ◦ d− d ◦ i(Gω). In particular,
δ is well-defined.
2. δ2 = 0.
Proof. Recall that i denotes the canonical inclusion Xreg → X .
1. Let α ∈ Ω(X), then i∗α ∈ Ωu(Xreg). Using
δ ◦ i∗ = i∗ ◦ δ, i∗ ◦ d = d ◦ i∗,
and the validity of the first assertion of Lemma 3.15 for any smooth Poisson
manifold M [3, Lemma 1.2.1], we have
(3.5) i∗(δα) = δ(i∗α) = i∗(i(Gω) ◦ dα− d ◦ i(Gω)α).
By Lemma 2.11, i∗ is injective, hence the above equality implies the first assertion
of Lemma 3.15.
2. The second statement of Lemma 3.15 is proved in the same way, using the
injectivity of i∗. This completes the proof of Lemma 3.15. 
The following theorem 3.16 generalizes [16, Corollary 4.2] .
Theorem 3.16. Suppose (X,ω) is a stratified symplectic space equipped with a
Poisson smooth structure C∞(X) which is also weakly symplectic. If all regular
strata of X has the same dimension 2n, the Brylinski-Poisson homology of the
complex (Ω(X), δ) is isomorphic to the de Rham cohomology of X with reverse
grading : Hk(Ω(X), δ) = H
2n−k(Ω(X), d). If, moreover, the smooth structure
C∞(X) is locally smoothly contractible, Hk(Ω(X), δ) is equal to the singular coho-
mology H2n−k(X,R).
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Proof. Using the injectivity of i∗, we derive from (3.5) the following formulas for
all k:
(3.6) Hk(Ω(X), δ) = Hk(i
∗(Ω(X), δ) and Hk(Ω(X), d) = Hk(i∗(Ω(X), d).
Since C∞(X) is weakly symplectic, there exists a symplectic form ω˜ ∈ Ω2(X)
such that i∗(ω˜)|Si = ωi for any stratum Si. Set vol := ω˜
n/n!. Let G˜kω be the
pairing: Λk(T ∗X) × Λk(T ∗X) → C∞(X) associated with G˜ω whose existence is
shown in Remark 3.4.2. We define a symplectic star operator ∗ω : Ω
k(X) →
Ω2n−k(X) as follows (cf. [3, §2.1]).
∗ω : Ω
k(X)→ Ω2n−k(X), β ∧ ∗ωα := G˜
k
ω(β, α) ∧
ω˜n
n!
,
for all α, β ∈ Ωk(X). In particular, on singular strata, the image of ∗ω is zero.
For the sake of simplicity we also denote by ω the restriction of ω to Xreg. The
following Proposition is proved by repeating the proof of Proposition 4.2 in [16]
word-by-word, so we omit its proof.
Proposition 3.17. We have ∗ω(i∗(Ωk(X))) = i∗(Ω2n−k(X)).
The first assertion of Theorem 3.16 follows immediaately from (3.6) and Propo-
sition 3.17. The second assertion of Theorem 3.16 follows from [23]. This completes
the proof of Theorem 3.16. 
3.5. A Leftschetz decomposition. The notion of a Leftschetz decomposition
on a symplectic manifold (M2n, ω) has been introduced by Yan in [29], where he
gives an alternative proof the Mathieu theorem on harmonic cohomology classes
of (M2n, ω) using the Leftschetz decomposition. Roughly speaking, a Leftschetz
decomposition on a symplectic manifold (M2n, ω) is an sl2-module -structure of
Ω(M2n). The Lie algebra sl2 acting on Ω(M
2n) is generated by linear operators
L,L∗, A defined as follows. L is the wedge multiplication by ω, L∗ := i(Gω), and
A = [L∗, L].
Now assume that (X,ω) is a stratified symplectic space provided with a Poisson
smooth structure C∞(X), which is also weakly symplectic. Then Ω(X) is stable
under L,L∗. Hence we obtain immediately
Lemma 3.18. The space Ω(X) is an sl2-module, where sl2 is the Lie algebra
generated by (L,L∗, A = [L,L∗]).
The next Lemma concerns the Leftschetz decomposition of Ωu(X
reg). Recall
that α ∈ Ωu(Xreg) is called primitive, if L∗α = 0. We define the dimension func-
tion d : X → Z by setting d(x) := dimSx, where Sx is the connected component
of the stratum containing x.
Lemma 3.19. 1. For any γ ∈ Ωku(X
reg) and any r ∈ Z we have
[Lr, L∗]γ = (r(k −
d
2
) + r(r − 1))Lr−1.
2. There exists a function c : Z × Z → R such that for any primitive form
γ ∈ Ω(Xreg) we have γ = c(d, k) · (L∗)k ◦ (Lkγ).
Proof. The first assertion of Lemma 3.19 for r = 1 is well-known, see [29, Corollary
1.6]. For r ≥ 2 we use the following formula
[Lr, L∗] = L[Lr−1, L∗] + [L,L∗]Lr−1,
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which leads to the first assertion of Lemma 3.19 by induction.
2. The second assertion of Lemma 3.19 is proved by applying the first assertion
recursively. 
For any k ≥ 0 set
Pk(X) := {α ∈ Ω
k(X)|α is primitive }.
Proposition 3.20. Assume that C∞(X) is both Poisson and weakly symplectic.
If all regular strata of X have the same dimension 2n, then we have the following
Leftschetz decomposition for k ≥ 0
Ωk(X) = Pk(X)⊕ L(Pk−2(X))⊕ · · · .
Proof. Using the Leftschetz decomposition on symplectic manifold, for α ∈ Ωk(X)
we decompose i∗(α) ∈ i∗(Ωk(X)) as
(3.7) i∗(α) = αkp + L(α
k−2
p ) + · · ·+ L
[(n−k)/2]αn−k−2[(n−k)/2]p ,
where αjp are primitive forms in Ω
j
u(X
reg). To prove Proposition 3.20, using the
injectivity of i∗, it suffices to show that αjp are elements in i
∗(Ω(X)). Now let
us consider the decomposition of i∗(α) ∈ Ωku(X
reg). We will show that all terms
αjp can be obtained from a linear combination of L
p(i∗(α)), (L∗)p(i∗(α)), p ≥ 0,
inductively on the degree j.
First we assume that k is even, i.e. k = 2q, hence α0p ∈ C
∞
u (X
reg). Applying
to the both sides of (3.7) the operator Ln−q we get
(3.8) Ln−q(i∗(α)) = ωn · α0p ∈ i
∗(Ω2n(X)).
By Proposition 3.17, (3.8) implies that α0p ∈ i
∗(C∞(X)), what is required to prove
in the first induction step.
Now let us assume that k = 2q + 1. As in (3.8), we have
(3.9) Ln−q−1(i∗(α)) = ωn−1 · α1p ∈ i
∗(Ω2n−1(X)).
Taking into account L∗α1p = 0, using Lemma 3.19 and (3.9), the term α
1
p can
be obtained from Ln−q−1(i∗(α)) by applying the operator cn,1 · (L∗)n−1. Hence
α1p ∈ i
∗(Ω(X2n)), which completes the next induction step.
Repeating this procedure, we get all terms αjp, which belong to i
∗(Ω(X)). This
completes the proof of Proposition 3.20. 
Since [L, d] = 0 holds on Ωu(X
reg) and i∗(Ω(X)) is stable under the action of d
and L, the equality [L, d] = 0 also holds on Ω(X). In particular, the wedge product
with [ωk] maps H l−k(Ω(X), d) to H l+k(Ω(X), d) for any l ∈ Z. A stratified sym-
plectic space (X2n, ω) of dimension 2n equipped with a Poisson weakly symplectic
smooth structure C∞(X2n) is said to satisfy the hard Lefschetz condition, if the
cup product
[ωk] : Hn−k(Ω(X2n), d)→ Hn+k(Ω(X2n), d)
is surjective for any k ≤ n = 12 dimX
2n. A differential form α ∈ Ω(X2n) is called
harmonic, if dα = 0 = δα. Let us abbreviate H∗(Ω(X2n), d) by H∗dR(X
2n).
Theorem 3.21. Let (X2n, ω) be a stratified symplectic space and C∞(X2n) Pois-
son smooth structure which is also weakly synmplectic. Assume that all regular
strata of X have the same dimension 2n. Then the following two assertions are
equivalent:
POISSON SMOOTH STRUCTURES ON STRATIFIED SYMPLECTIC SPACES 19
(1) Any cohomology class in H∗dR(X
2n) contains a harmonic cocycle.
(2) (X2n, ω) satisfies the hard Lefschetz condition.
Proof. The proof of Theorem 3.21 for smooth symplectic manifolds by Yan in [29,
Theorem 0.1] can be repeated word-by-word. For the convenience of the reader
we outline a proof here. Denote by Hkhr(X
2n) the space of all harmonic k-forms
on (X2n, ω), and let H∗hr = ⊕
2n
i=0H
i
hr(X
2n).
Now let us prove that the assertion (1) of Theorem 3.16 implies the assertion
(2) of Theorem 3.16. We consider the following diagram
Hn−khr (X
2n)

Lk
// Hn+khr (X
2n)

Hn−kdR (X
2n)
Lk
// Hn+kdR (X
2n).
Let us recall that i : Xreg → X2n is the canonical inclusion. Since [L, δ] = −d [29,
Lemma 1.2], which can be easily proved for (X2n, ω) satisfying the condition of
Theorem 3.21, Proposition 3.20 implies that Lk : Hn−khr (X
2n)→ Hn+khr (X
2n) is an
isomorphism. Since the vertical arrows in the diagram are surjective, we conclude
that the second horizontal arrow in the diagram is also surjective. This proves (1)
=⇒ (2).
Now let us prove that (2) =⇒ (1). Note that the condition (2) implies that [29,
§3]
Hn−kdR (X
2n) = ImL+ Pn−k,
where Pn−k := {α ∈ H
n−k
dR (X
2n)|Lk+1α = 0 ∈ Hn+k+2dR (X
2n)}.
Using induction argument, it suffices to prove that in each primitive cohomology
class v ∈ Pn−k there is a harmonic cocycle. Let v = [z], z ∈ Ωn−k(X2n). Since v
is primitive we have [z ∧ ωk+1] = 0 ∈ Hm+k+2dR (X
2n). Hence, z ∧ ωk+1 = dγ for
some γ ∈ Ωn+k+1(X2n). By Proposition 3.20 the operator Lk+1 : Ωn−k−1(X2n)→
Ωn+k+1(X2n) is onto, consequently there exists θ ∈ Ωm−k−1(X2n) such that γ =
θ ∧ ωk+1. It follows that (z − dθ) ∧ ωk+1 = 0. Therefore w = z − dθ is primitive
and closed. Since [L∗, d] = δ [29, Corollary 1.3], we obtain δw = 0. This completes
the proof of Theorem 3.16.

Remark 3.22. 1. If C∞(X2n) is locally smoothly contractible, by [23, Theorem
5.2] the de Rham cohomology H∗(Ω(X2n), d) coincides with the singular coho-
mology H∗(M,R)), since X2n admits smooth partitions of unity, see Proposition
2.8.
2. In [4, Proposition 5.4] Cavalcanti proved that the hard Lefschetz property on
a compact symplectic manifold implies Im δ∩ker d = Imd∩Im δ, see also [22]. His
theorem can be proved word-by-word for stratified symplectic spaces satisfying the
conditions of Proposition 3.20, since the main ingredient of the proof is Proposition
3.20.
3. It is interesting to know whether we can extend the symplectic cohomology
theory developed in [28], [17] to stratified symplectic spaces satisfying the condi-
tions of Proposition 3.20, since the main ingredient of this theory is the existence
of a Leftschetz decomposition.
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4. Conclusions
In this paper we have worked out a natural refinement of the concept of a smooth
structure on a stratified space, which is well suited for the study of stratified sym-
plectic spaces. In this refined concept there are two natural classes of smooth
structures on stratified symplectic spaces: weakly symplectic smooth structures
and Poisson smooth structures. We show that Poisson smooth structures on strat-
ified symplectic spaces X , especially those are also weakly symplectic, enjoy many
properties of symplectic manifolds, if the regular strata of X are of the same di-
mension. We suggest to study stratified symplectic spaces, whose regular strata
are of varying dimension, for future works.
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